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Abstract
In this paper, a comprehensive study of contact and Sasakian struc-
tures on the indicatrix bundle of Finslerian warped product manifolds
is reconstructed. In addition, the Kahler structure on the tangent bun-
dle of these manifolds is studied for some different metrics. Throughout
the paper, the contact structure of indicatrix bundle in warped prod-
uct Finsler manifolds is presented. It is shown that indicatrix bundle
cannot be a Sasakian manifold.
Keywords: Contact structure, Finslerian warped product, Indi-
catrix bundle, Sasakian manifold, Kahler structure.
1 Introduction
One of the basic concepts in the present work is the warped product. Bishop
and O’Neill [9] studied manifolds with negative curvatures and introduced
the notion of warped product as a generalization of Riemannian products.
Afterwards, warped product was used to model the standard space time,
especially in the neighborhood of stars and black holes [15]. In Riemannian
geometry, warped product manifolds and submanifolds were studied in nu-
merous works [5, 8]. In [1, 12], the concept of Finslerian warped product was
developed. In this work, some properties of Finsler manifolds are expanded
to the warped product Finsler manifolds. First, with respect to impor-
tance of contact structure on the indicatrix bundle which is studied from
different aspects [2], the contact structure of indicatrix bundle of warped
product Finsler manifolds is reconstructed as a development of the work [4]
on Finsler manifolds. Then, the conditions of being a Kahler manifold on
tangent bundle of Finslerian warped product manifolds are presented as a
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generalization of the works [16, 17]. In addition, it is also found that indi-
catrix bundle cannot be a Sasakian manifold in TM for Finsler manifolds.
These concepts are very closed and in some viewpoints even related to each
other. The contact geometry in many ways is an odd-dimensional counter-
part of symplectic geometry, which belongs to the even-dimensional world.
Both contact and symplectic geometry are motivated by the mathematical
formalism of classical mechanics in which either the even-dimensional phase
space of a mechanical system or the odd-dimensional extended phase space
including the time variable is considered. Also, Sasakian structures and
Kahlerian structures are known as dual structures belong to odd dimen-
sional and even-dimensional geometry, respectively [10].
Aiming at finding the relations of these structures on a warped product
Finsler manifold, this paper is organized in the following way. In section 2,
warped product on the Finsler manifolds is reviewed with respect to the idea
of Finslerian warped product manifolds in [1, 12]. In Section 3, the triple
(ϕ, η, ξ) is introduced which is compatible with the Sasakian metric on TM
in the sense of contact metric definition [10]. Then, it is proved that this
structure is the contact structure of indicatrix bundle for warped product
Finsler manifolds. This result is a generalization of proposition 4.1 in [4]
for warped product Finsler manifolds. In Section 4, the Kahler structure
of a warped product Finsler manifold is studied with respect to the sasaki
and Oproiu’s metrics [16]. Section 4 of this work is similar to the study
conducted on Finsler manifolds in [17]. After proving that that indicatrix
bundle naturally has contact structure, it will cross the minds that
”Does it happen that IM under some conditions has Sasakian structure?”
Finally in section 5, The components of Levi-Civita connection on the in-
dicatrix bundle of a Finsler manifold for the restricted Sasakian metric are
calculated. To this end, a new frame is introduced in which TTM can be
written in the form of direct sum of vertical Liouville vector field and tan-
gent bundle of indicatrix bundle. In the rest of this section, it is proved
that the indicatrix bundle cannot have a Sasakian structure with the lifted
sasaki metric G and natural almost complex structure J on tangent bundle.
Therefore, we should not have any expectation of properties of Sasakian
manifolds in Riemannian geometry on indicatrix bundle as a Riemannian
submanifold of (TM,G, J).
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2 Preliminaries and Notations
Suppose that (M1, F1) and (M2, F2) are two Finsler manifolds with dimM1 =
n and dimM2 = m, respectively. LetM =M1×M2 be the product of these
two Finslerian manifolds and consider the function F : TM0 −→ R+ given
by
F =
√
F 21 + f
2F 22 (1)
where TM0 := TM01 ⊕ TM
0
2 and f :M1 −→ R, is Fundamental function of
Finslerian manifold M . It was proved in [1] that (M,F ) is a Finsler man-
ifold called warped product Finsler manifold. The indices {i, j, k, . . .} and
{α, β, λ, . . .} are used here for the ranges 1, . . . , n and 1, . . . ,m, respectively.
In addition, the indices {a, b, c, . . .} are used for the range 1, . . . , n + m.
First, a review of some formulas in [1] is presented. The natural basis of
Finslerian manifolds M1 and M2 is given as follows:
{
TTM1 =<
δ
δxi
, ∂
∂yi
>, T ∗TM1 =< dx
i, δyi >
TTM2 =<
δ
δuα
, ∂
∂vα
>, T ∗TM2 =< du
α, δvα >
(2)
It is supposed that gij =
1
2
∂2F 2
1
∂yi∂yj
and gαβ =
1
2
∂2F 2
2
∂vα∂vβ
. Then, the Hessian
matrix of F with respect to the coordinate (x,y) ∈ TM is shown by (gab)
and expressed as follows
(gab) =
(
1
2
∂2F 2
∂ya∂yb
)
=
(
1
2
∂2F 2
1
∂yi∂yj
0
0 f
2
2
∂2F 2
2
∂vα∂vβ
)
=
(
gij 0
0 f2gαβ
)
(3)
where x = (x, u) ∈ M1 ×M2, y = (y, v) ∈ TxM1 ⊕ TuM2 and y
a = δai y
i +
δaα+nv
α.
If the semi-spray coefficients of F1, F2 and F are shown by G
i, Gα and
Ba, respectively, then the following equations can be obtained
Bi = Gi −
1
4
gijF 22
∂f2
∂xj
, Bα+n = Gα +
1
4f2
gαβ
∂F 22
∂vβ
∂f2
∂xi
yi (4)
For simplicity, Bα+n is denoted by Bα. In addition, nonlinear connection
coefficient of F is shown as follows
Bab :=
(
Bij B
α
j
Biβ B
α
β
)
3
where Bij =
∂Bi
∂yj
, Bαj =
∂Bα
∂yj
, Biβ =
∂Bi
∂vβ
, Bαβ =
∂Bα
∂vβ
and thus:


Bij = G
i
j −
1
4F
2
2
∂f2
∂xh
∂gih
∂yj
Biβ = −
1
4g
ij ∂f
2
∂xj
∂F 2
2
∂vβ
Bαj =
1
4f2
gαβ ∂f
2
∂xj
∂F 2
2
∂vβ
Bαβ = G
α
β +
1
2f2
∂f2
∂xj
yjδαβ
(5)
Here, some contents and notations which they are needed in the rest of this
work are presented. First, indicatrix bundle of Finsler manifold (M,F ) is
denoted by IM and defined in [3] by
IM = {(x, y) ∈ TM | F (x, y) = 1}.
A contact structure on a (2n+ 1)-dimensional Riemannian manifold (M,g)
is a triple (ϕ, η, ξ), where ϕ is a (1, 1)-tensor, η a global 1-form and ξ a
vector field, such that:
ϕ(ξ) = η ◦ ϕ = 0, η(ξ) = 1, ϕ2 = −Id+ η ⊗ ξ
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), dη(X,Y ) = g(X,ϕ(Y ))
for all X,Y ∈ Γ(TM) [10].
3 Contact Structure of Indicatrix Bundle on the
Warped Product Finsler Manifolds
Let (M,F ) be a warped product Finsler manifold. In this section, a local
frame of tangent and cotangent bundle on TM is choosen which is suitable
for studying the contact structure on IM as follows:{
TTM =< δ
∗
δ∗xi
, δ
∗
δ∗uα
, ∂
∂yi
, ∂
∂vα
>
T ∗TM =< dxi, duα, δ∗yi, δ∗vα >
(6)
where{
δ∗
δ∗xi
:= ∂
∂xi
−Bji
∂
∂yj
−Bαi
∂
∂vα
, δ∗yi := dyi +Bijdx
j +Biαdu
α
δ∗
δ∗uα
:= ∂
∂uα
−Bβα
∂
∂vβ
−Biα
∂
∂yi
, δ∗vα := dvα +Bαβ du
β +Bαi dx
i
which are well-defined by considering Proposition 1 in [1]. In addition, with
respect to these bases the Sasakian lift of the fundamental tensor gab in (3)
on TM is shown by G and given by:
G := gijdx
idxj + f2gαβdu
αduβ + gijδ
∗yiδ∗yj + f2gαβδ
∗vαδ∗vβ (7)
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The vertical Liouville vector field L ofM which is perpendicular to the level
curve of F can be calculated as follows:
L := gradF =
gradF 2
2F
=
yi
F
∂
∂yi
+
vα
F
∂
∂vα
(8)
It can be seen that G(L,L) = 1. The dual 1-form η of vertical Liouville
vector field L is equal to dF or can be calculated by η(X) = G(L,X) which
can be locally presented as follows:
η := dF =
dF 2
2F
=
yj
F
gijδ
∗yi + f2
vβ
F
gαβδ
∗vα (9)
The almost complex structure J on TTM compatible with Sasakian metric
G is defined by:
J :=
δ∗
δ∗xi
⊗ δ∗yi −
∂
∂yi
⊗ dxi +
δ∗
δ∗uα
⊗ δ∗vα −
∂
∂vα
⊗ duα (10)
The horizontal Liouville vector field of M defined by JL and has the local
presentation as follows:
ξ := JL =
yi
F
δ∗
δ∗xi
+
vα
F
δ∗
δ∗uα
(11)
The horizontal Liouville vector field ξ play the role of Reeb vector field [10]
in the present contact structure on the indicatrix bundle. The dual 1-form
η¯ of ξ is defined by η¯(X) = G(ξ,X), and is locally expressed as below:
η¯ :=
yi
F
gijdx
j + f2
vα
F
gαβdu
β (12)
The restriction of ξ and η¯ to the indicatrix bundle is shown by ξ∗ and η∗.
Since, F is constant and equal to the unit on the indicatrix bundle IM ,
equations (11) and (12) are changed to following forms:{
ξ∗ = yi δ
∗
δ∗xi
+ vα δ
∗
δ∗uα
η∗ = yigijdx
j + f2vαgαβdu
β (13)
The (1,1)-tensor field ϕ is set on the indicatrix bundle IM as follows:
ϕ := J |D , ϕ(ξ) = 0 (14)
where D = {X ∈ TM | η(X) = η∗(X) = 0}. The distribution D is called
contact distribution in contact manifolds. Also, notations G¯ are used to
restrict metric G to the indicatrix bundle. Now, the following Theorem can
be stated:
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Theorem 3.1. Let the 4-tuple (ϕ, η∗, ξ∗, G¯) be defined as above. Then the
indicatrix bundle of a warped product Finsler manifold with (ϕ, η∗, ξ∗, G¯) is
a contact manifold.
Proof. The compatibility of ϕ and the metric G¯ is equivalent to compatibility
of J and G. Also, The conditions
η∗ ◦ ϕ = 0 , ϕ(ξ∗) = 0 , ϕ2 = −I + ξ∗ ⊗ η∗
are easy to be proved by considering equations (13) and (14). To com-
plete the proof, the condition dη∗(X,Y ) = G¯(X,ϕY ) for the vector fields
X,Y ∈ Γ(TIM) needs to be checked. By calculating dη∗ the following can
be obtained:
dη∗ = −Gjkgijdx
i ∧ dxk +
∂gij
∂xk
yjdxi ∧ dxk + gijdx
i ∧ δ∗yj
+ ∂f
2
∂xk
vβgαβdu
α ∧ dxk − f2Bβk gαβdu
α ∧ dxk −Bjαgijdx
i ∧ duα
−f2Gβγgβαdu
α ∧ duγ + f2vβ
∂gαβ
∂uγ
duα ∧ duγ + f2gαβdu
α ∧ δ∗vβ
= gijdx
i ∧ δ∗yj + f2gαβdu
α ∧ δ∗vβ
=⇒ dη∗(X,Y ) = G(X,JY )
Since G¯ is the restriction of G to the indicatrix and dη∗(ξ, .) = 0 thus
dη∗(X,Y ) = G¯(X,ϕY ) ∀X,Y ∈ ΓD
So, IM with (ϕ, η∗, ξ∗, G¯) is a contact manifold.
After proving that indicatrix naturally has contact structure, it will cross
the minds that in which case IM will have Sasakian structure. In section 5,
we show that indicatrix bundle cannot have Sasakian structure. Therefore,
we should not have any expectation of properties of Sasakian manifolds in
Riemannian geometry on indicatrix bundle as a Riemannian submanifold of
TM .
4 A Kahler Structure on Finslerian Warped Prod-
uct Manifolds
The first part of this section includes the Kahler structure on tangent bundle
of warped product Finsler manifolds with metric G introduced in (7). In
Theorem 3.1, it was proved that the Kahler form Ω defined by Ω(X,Y ) =
G(X,JY ) is close. Therefore, TM naturally has an almost Kahler structure.
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Consequently, the Kahler structure on (M,J,G) is equivalent to check the
integrability condition of J . The integrability of J is equal to the vanishing
of tensor field NJ given by:
NJ(X,Y ) = [JX, JY ]−J [JX, Y ]−J [X,JY ]−[X,Y ] ∀X,Y ∈ ΓTM (15)
In order to simplify the equations, the basis (6) can be rewritten as follows:
TTM =<
δ∗
δ∗xa
,
∂
∂ya
> (16)
where δ
∗
δ∗xa
= δ
∗
δ∗xi
δia +
δ∗
δ∗uα
δα+na and
∂
∂ya
= ∂
∂yi
δia +
∂
∂vα
δα+na . Moreover, the
lie bracket of horizontal basis is given by:
[
δ∗
δ∗xa
,
δ∗
δ∗xb
] = Rcab
∂
∂yc
In which the indices are in the same range as in Section 2. For different
combinations of the basis (16) in computing NJ the following equations are
presented: {
NJ(
δ∗
δ∗xa
, δ
∗
δ∗xb
) = −NJ(
∂
∂ya
, ∂
∂yb
) = −Rcab
∂
∂yc
,
NJ(
δ∗
δ∗xa
, ∂
∂yb
) = −Rcab
δ∗
δ∗xc
(17)
From these equations, the following Corollary can be inferred:
Corollary 4.1. Let (M,J,G) be a warped Finsler manifold. Then, TM
is a Kahler manifold if and only if the horizontal distribution defined by
HTM :=< δ
∗
δ∗x1
, ..., δ
∗
δ∗xn+m
> is integrable.
Now, the Kahler structure on the tangent bundle of a warped Finsler
manifold is studied using the Oproiu’s metric [16] which is used frequently
in Physics phenomena. For the potential function τ defined on F 2 and the
constants A and B, the new metric G˜ is introduced as follows:
G˜ = Pabdx
a ⊗ dxb +Qabδ
∗ya ⊗ δ∗yb
where Pab =
1
A
gab+
τ(F 2)
AB
yayb, Qab = Agab−
Aτ(F 2)
B+F 2τ(F 2)
yayb and ya = gaby
b.
It can be seen that Qab := gacQcdg
db = Agab − Aτ(F
2)
B+F 2τ(F 2)
yayb is the in-
verse matrix of Pab. Also, the following M -tensor fields on TM are obtained
by the usual algebraic tensor operations,{
P ba = Pacg
cb = P bcgca =
1
A
δba +
τ(F 2)
AB
yay
b
Qba = Qacg
cb = Qbcgca = Aδ
b
a −
Aτ(F 2)
B+F 2τ(F 2)yay
b
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The almost complex structure J˜ on TM compatible with metric G˜ is pre-
sented as follow:
J˜(
∂
∂ya
) := Qba
δ∗
δ∗xb
, J˜(
δ∗
δ∗xa
) := −P ba
∂
∂yb
Theorem 4.1. (TM, J˜ , G˜) is an almost Kahler manifold.
Proof. First, compatibility of J˜ and G˜ are checked{
G˜(J˜ ∂
∂ya
, J˜ ∂
∂yb
) = QcaQ
d
bPcd = Qaeg
ecgbfQ
fdPcd = Qab = G˜(
∂
∂ya
, ∂
∂yb
)
G˜(J˜ δ
∗
δ∗xa
, J˜ δ
∗
δ∗xb
) = P caP
d
b Qcd = Paeg
ecgbfP
fdQcd = Pab = G˜(
δ∗
δ∗xa
, δ
∗
δ∗xb
)
For (TM, J˜ , G˜), the Kahler 2-form Ω˜ is defined by Ω˜(X,Y ) = G˜(X, J˜Y ) and
has local presentation as follows:

Ω˜( ∂
∂ya
, ∂
∂yb
) = Ω˜( δ
∗
δ∗xa
, δ
∗
δ∗xb
) = 0
Ω˜( ∂
∂ya
, δ
∗
δ∗xb
) = G˜( ∂
∂ya
,−P cb
∂
∂yc
) = −P cbQac = −gbdP
dcQac = −gab
Ω˜( δ
∗
δ∗xa
, ∂
∂yb
) = G˜( δ
∗
δ∗xa
, Qcb
δ∗
δ∗xc
) = QcbPac = gbdQ
dcPac = gab
From the last equations, the following can be obtained:
=⇒ Ω˜ = gabdx
a ∧ δ∗yb
This equation and Theorem 3.1 show that Ω˜ is closed and (TM, J˜ , G˜) is an
almost Kahler manifold.
To check that J˜ is a complex structure on TM , the local components of
NJ˜ for the local basis (6) of a warped product Finsler manifold is calculated.

NJ˜(
δ∗
δ∗xa
, δ
∗
δ∗xb
) = (P ca
∂P db
∂yc
− P cb
∂P da
∂yc
−Rdab)
∂
∂yd
+(P d
b|a − P
d
a|b + P
c
bB
d
ac − P
c
aB
d
cb)Q
e
d
δ∗
δ∗xe
NJ˜(
∂
∂ya
, ∂
∂yb
) = (QcaQ
d
bR
e
cd − P
e
c
∂Qca
∂yb
+ P ed
∂Qd
b
∂ya
) ∂
∂ye
+(QcaQ
d
b|c −Q
c
bQ
d
b|c +Q
e
bB
c
aeQ
d
c −Q
c
aB
e
cbQ
d
e)
δ∗
δ∗xd
NJ˜(
∂
∂ya
, δ
∗
δ∗xb
) = (P db
∂Qca
∂yd
+
∂P db
∂ya
Qcd −Q
d
aQ
c
eR
e
db)
δ∗
δ∗xc
−(QcaP
d
b|c +Q
c
a|bP
d
c +Q
c
aB
d
ceP
e
b −B
d
ab)
∂
∂yd
(18)
where P d
b|c =
δ∗P d
b
δ∗xc
andQc
a|b =
δ∗Qca
δ∗xb
. It can be obtained thatNJ˜(
δ∗
δ∗xa
, δ
∗
δ∗xb
) =
0 implies NJ˜(
∂
∂ya
, ∂
∂yb
) = NJ˜(
∂
∂ya
, δ
∗
δ∗xb
) = 0. Therefore, the following corol-
lary can be expressed.
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Corollary 4.2. Let (TM, J˜ , G˜) be the tangent manifold of warped Finsler
manifold (M,F ). Then, (TM, J˜ , G˜) is Kahler manifold if and only if the
followings hold:
P ca
∂P db
∂yc
− P cb
∂P da
∂yc
−Rdab = P
d
b|a − P
d
a|b + P
c
bB
d
ac − P
c
aB
d
cb = 0
Proof. It is an obvious conclusion of equations (18) and Theorem 4.1.
5 Sasakian Structure and Indicatrix Bundle
In this section, the components of Levi-Civita connection on the Indicatrix
bundle of Finsler manifolds are computed. In the first part, a new frame is
set on a Finsler manifold which decomposes TTM in the following way:
TTM =< L > ⊕ < ξ > ⊕ < D >
where L and ξ are presented by yi ∂
∂yi
and yi δ
δxi
, respectively. The next
part includes the Sasakian structure on the indicatrix bundle of a Finsler
manifold.
5.1 Levi-Civita Connection on Indicatrix Bundle
Supposed (M,F ) as an n-dimensional Finsler manifold. Since the vertical
distribution VM is integrable in TTM and vertical Liouville vector field L is
a foliation in TTM which belongs to VM , therefore, orthogonal distribution
L′M to L in VM is a foliation and the local basis can be set as follows:
L′M =<
∂¯
∂¯y1
, ...,
∂¯
∂¯yn−1
>
where ∂¯
∂¯ya
= Eia
∂
∂yi
∀a = 1, ..., n − 1 and Eia is the (n − 1) × n matrix of
maximum rank. The first property of this matrix is Eiagijy
j = 0 achieved by
the feature G( ∂¯
∂¯ya
, L) = 0. Now, using the natural almost complex structure
J on TTM , the new basis for TTM is introduced as follows:
TTM = T (IM)⊕ < L >=<
δ¯
δ¯xa
, ξ,
∂¯
∂¯ya
, L > (19)
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where δ¯
δ¯xa
:= J ∂¯
∂¯ya
. The Sasakian metric G on TM can be shown in the
new coordinate system (19) as follows:
G :=


gab 0 0 0
0 F 2 0 0
0 0 gab 0
0 0 0 F 2

 (20)
where a, b ∈ {1, ..., n − 1} and gab = G(
δ¯
δ¯xa
, δ¯
δ¯xb
) = G( ∂¯
∂¯ya
, ∂¯
∂¯yb
) = gijE
i
aE
j
b .
Now, Lie brackets of the basis (19) are presented as follows:


(1) [ δ¯
δ¯xa
, δ¯
δ¯xb
] = (
δ¯Eib
δ¯xa
− δ¯E
i
a
δ¯xb
) δ
δxi
+ EiaE
j
bR
k
ij
∂
∂yk
,
(2) [ δ¯
δ¯xa
, ∂¯
∂¯yb
] = (
δ¯Ekb
δ¯xa
+ EiaE
j
bG
k
ij)
∂
∂yk
− ∂¯E
i
a
∂¯yb
δ
δxi
,
(3) [ ∂¯
∂¯ya
, ∂¯
∂¯yb
] = (
∂¯Eib
∂¯ya
− ∂¯E
i
a
∂¯yb
) ∂
∂yi
,
(4) [ δ¯
δ¯xa
, ξ] = −(EiaG
j
i + ξ(E
j
a))
δ
δxj
+Eiay
jRkij
∂
∂yk
,
(5) [ ∂¯
∂¯ya
, ξ] = δ¯
δ¯xa
− (ξ(Eja) + EiaG
j
i )
∂
∂yj
,
(6) [ δ¯
δ¯xa
, L] = −L(Eia)
δ
δxi
,
(7) [ ∂¯
∂¯ya
, L] = ∂¯
∂¯ya
− L(Eia)
∂
∂yi
,
(8) [ξ, ξ] = [L,L] = [ξ, L] + ξ = 0.
(21)
The local components of Levi-Civita connection ∇ given by:
{
2G(∇XY,Z) = XG(Y,Z) + Y G(X,Z) − ZG(X,Y )
−G([X,Z], Y )−G([Y,Z],X) +G([X,Y ], Z)
(22)
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for basis (19) and metric (20) are expressed as follows:


∇ δ¯
δ¯xa
δ¯
δ¯xb
= (Γeab +
δ¯E
j
b
δ¯xa
Ekdgjkg
de) δ¯
δ¯xe
+ (−geab +
1
2R
e
ab)
∂¯
∂¯ye
+ 1
2F 2
R¯abξ,
∇ δ¯
δ¯xa
∂¯
∂¯yb
=
(
1
2E
j
bE
k
dE
i
a(
δgjk
δxi
−Ghikghj +G
h
ijghk) +
δ¯E
j
b
δ¯xa
Ekdgjk
)
gde ∂¯
∂¯ye
+(geab −
1
2Rbadg
de) δ¯
δ¯xe
+ 1
2F 2
Rabξ,
∇ ∂¯
∂¯yb
δ¯
δ¯xa
= (geab −
1
2Rbadg
de + ∂¯E
i
a
∂¯yb
Ekdgikg
de) δ¯
δ¯xe
+ 1
F 2
(12Rab − gab)ξ
+12E
i
aE
j
bE
k
d (
δgjk
δxi
−Ghikghj −G
h
ijghk)g
de ∂¯
∂¯ye
,
∇ ∂¯
∂¯ya
∂¯
∂¯yb
= 12E
i
aE
j
bE
k
d (G
h
ikghj +G
h
jkghi −
δgij
δxk
)gde δ¯
δ¯xe
+(geab +
∂¯E
j
b
∂¯ya
Ekdgkjg
de) ∂¯
∂¯ye
− 1
F 2
gabL,
∇ δ¯
δ¯xa
ξ = 12 R¯dag
de δ¯
δ¯xe
− 12Radg
de ∂¯
∂¯ye
,
∇ξ
δ¯
δ¯xa
= (ξ(Eia)E
k
dgik + E
i
aG
h
i ghkE
k
d +
1
2R¯da)g
de δ¯
δ¯xe
+ 12Radg
de ∂¯
∂¯ye
,
∇ ∂¯
∂¯ya
ξ = (δea −
1
2Radg
de) δ¯
δ¯xe
,
∇ξ
∂¯
∂¯ya
= −12Radg
de δ¯
δ¯xe
+ (ξ(Eia)gik + E
i
aG
j
i gjk)E
k
dg
de ∂¯
∂¯ye
,
∇ δ¯
δ¯xa
L = ∇L
δ¯
δ¯xa
− L(Eia)E
k
dgikg
de δ¯
δ¯xe
= 0,
∇ ∂¯
∂¯ya
L− ∂¯
∂¯ya
= ∇L
∂¯
∂¯ya
− L(Eia)E
k
dgikg
de ∂¯
∂¯ye
= 0,
∇ξξ = ∇ξL = ∇Lξ − ξ = ∇LL− L = 0.
(23)
where
gcab = gabdg
dc = 12E
i
aE
j
bE
k
dgijkg
dc , Γcab = E
i
aE
j
bE
k
dΓ
h
ijghkg
dc
Rcab = Rdabg
dc = EiaE
j
bE
k
dR
h
ijghkg
dc,
R¯ab = (
δ¯Eib
δ¯xa
− δ¯E
i
a
δ¯xb
)gijy
j , Rab = E
i
aE
j
bRij
and, (gab) is the inverse matrix of (gab).
In following, the Levi-Civita connection and metric on indicatrix bundle
are denoted by ∇¯ and G¯, respectively, which G¯ is the restriction of met-
ric (20). In order to compute the components of Levi-Civita connection ∇¯
on indicatrix bundle IM for the basis (19) the Guass Formula [13]:
∇XY = ∇¯XY +H(X,Y ) (24)
where H is the second fundamental form of IM is needed. It is obvious that
all components in (23) and except ∇ ∂¯
∂¯ya
∂¯
∂¯yb
are tangent to IM . Therefore,
∇¯ is equal to ∇ for the other components of (23) by using the Gauss for-
mula (24). The following corollary can be stated for the component∇ ∂¯
∂¯ya
∂¯
∂¯yb
.
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Corollary 5.1. The indicatrix bundle IM is not a totally geodesic subman-
ifold of TM .
Proof. From (23), we obtain H( ∂¯
∂¯ya
, ∂¯
∂¯yb
) = − 1
F 2
gabL which it cannot be
vanish. Therefore, IM is not totally geodesic submanifold of TM .
The curvature tensor R of∇ defined byR(X,Y )Z = ∇X∇Y Z−∇Y∇XZ−
∇[X,Y ]Z is related to the curvature tensor R¯ of ∇¯ in following equations:

R( δ¯
δ¯xa
, δ¯
δ¯xb
) ∂¯
∂¯yc
= R¯( δ¯
δ¯xa
, δ¯
δ¯xb
) ∂¯
∂¯yc
+ 1
F 2
RcabL
R( δ¯
δ¯xa
, ∂¯
∂¯yb
) δ¯
δ¯xc
= R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
) δ¯
δ¯xc
+ 12F 2 (Rbac − 2gabc)L
R( ∂¯
∂¯ya
, ∂¯
∂¯yb
) ∂¯
∂¯yc
= R¯( ∂¯
∂¯ya
, ∂¯
∂¯yb
) ∂¯
∂¯yc
− 1
F 2
gbc
∂¯
∂¯ya
+ 1
F 2
gac
∂¯
∂¯yb
R( δ¯
δ¯xa
, ∂¯
∂¯yb
) ∂¯
∂¯yc
= R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
) ∂¯
∂¯yc
+ 12F 2E
i
aE
j
bE
k
d (G
h
ikghj +G
h
jkghi −
δgij
δxk
)L
R( δ¯
δ¯xa
, ∂¯
∂¯yb
)ξ = R¯( δ¯
δ¯xa
, ∂¯
∂¯yb
)ξ − 1
2F 2
RabL
R( ∂¯
∂¯ya
, ξ) δ¯
δ¯xb
= R¯( ∂¯
∂¯ya
, ξ) δ¯
δ¯xb
− 1
2F 2
RabL
R( δ¯
δ¯xa
, ξ) ∂¯
∂¯yb
= R¯( δ¯
δ¯xa
, ξ) ∂¯
∂¯yb
− 1
F 2
RabL
(25)
where Gabc = E
i
aE
j
bE
k
cG
h
ijghk. For the other combinations of
δ¯
δ¯xa
, ∂¯
∂¯ya
and ξ,
tensor fields R and R¯ coincide with each other.
5.2 Sasakian Structure and Indicatrix Bundle of a Finsler
Manifold
First, let (M,ϕ, η, ξ, g) be a contact Riemannian manifold. In [6], it was
proved that M is Sasakain manifold if and only if
(∇˜Xϕ)Y = 0 ∀X,Y ∈ Γ(TM) (26)
where
∇˜XY = ∇XY − η(X)∇Y ξ − η(Y )∇Xξ + (dη +
1
2
(Lξg))(X,Y )ξ
and ∇ is Levi-Civita connection on (M,g). Since the indicatrix bundle has
the contact metric structure in Finslerian manifolds by Proposition 4.1 in [4]
and in warped product Finsler manifolds by Theorem 3.1, here it is tried to
find an answer to the question that ”Can the indicatrix bundle be a Sasakian
manifold with restricted sasaki metric G and almost complex structure J on
TM?”. First, the following Lemma is proved in order to reduce the number
of calculations.
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Lemma 1. If (M,ϕ, η, ξ, g) be a contact metric manifold with contact dis-
tribution D, then M is Sasakian manifold if and only if:
(∇˜Xϕ)Y = 0 ∀X,Y ∈ Γ(D)
Proof. For all X¯ ∈ Γ(TM), they can be written in the form X + fξ where
X ∈ ΓD and f ∈ C∞(M). Therefore:
(∇˜X¯ϕ)Y¯ = (∇˜X+fξϕ)(Y + gξ) = (∇˜Xϕ)Y + (∇˜fξϕ)Y + (∇˜Xϕ)gξ
+(∇˜fξϕ)gξ = (∇˜Xϕ)Y + f(∇˜ξϕY − ϕ∇˜ξY ) + ∇˜Xϕ(gξ) − ϕ(∇˜Xgξ)
+f(∇˜ξϕgξ − ϕ∇˜ξgξ) = (∇˜Xϕ)Y
The lemma is proved using Theorem 3.2 in [6] and the last equation.
Now, the following Theorem can be expressed:
Theorem 5.1. Let (M,F ) be a Finsler manifold. Then, indicatrix bundle
IM(1) with its contact structure given in Theorem 3.1 and Proposition 4.1
in [4] can never be a Sasakian manifold.
Proof. From lemma 1, IM is a Sasakian manifold if and only if:
(∇˜ δ¯
δ¯xa
ϕ) δ¯
δ¯xb
= (∇˜ δ¯
δ¯xa
ϕ) ∂¯
∂¯yb
= (∇˜ ∂¯
∂¯ya
ϕ) δ¯
δ¯xb
= (∇˜ ∂¯
∂¯ye
ϕ) ∂¯
∂¯yb
= 0
Using (23), one of the components in above equations is
gab = 0
which demonstrates a contradiction and shows that the indicatrixe bundle
cannot be in the Sasakian structure.
Another proof for Theorem 5.1
The following argument was presented in [11] and Chapter 6 in [10]. We
consider TM = IM ×R for the Finslerian warped product manifold (M,F )
and introduce the almost complex structure J¯ by means of ϕ defined in (14)
as follows:
J¯(X + fL) = ϕ(X) − fξ + η(X)L
where X is a vector field tangent to indicatrix bundle and ξ, η were defined
in Section 3. Using a straight calculation, it can be seen that J¯ is equal to J
defined in (10). The contact structure (ϕ, η, ξ) will be a Sasakian structure
if and only if (ϕ, η, ξ) is normal, or equivalently, J¯ is integrable. From (17),
it can be inferred that J¯ is integrable if and only if M is a flat manifold.
Up to now, it can be shown that IM is Sasakian if and only if M is flat.
Furthermore, it was proved that ξ is a killing vector field on each Sasakian
manifold [10]. Therefore, M has constant curvature 1 using Theorem 3.4
in [7] and it is a contradiction to the previous result which shows that M is
flat if IM is a Sasakian manifold. ✷
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